We study the consumption-portfolio problem with realized capital gain taxation. The distinguishing feature of our analysis is that we impose on the model an important element of the tax code that has received little attention in the academic literature: the limited use of capital losses.
Introduction
Capital gain taxation has long been considered an important friction when investors make asset allocation and consumption decisions. However, integrating capital gain taxation into a portfolio choice setting is notoriously dicult. First, capital gain taxes are realization-based, or assessed only when a trading position is closed. The portfolio choice problem faced is essentially one with a statedependent transaction cost. Here the transaction cost is driven by current security prices and the tax basis of the trading position which usually is a complex function of past trading decisions. Second, in most countries, the portion of the tax code involving capital gain taxation is full of a myriad of details such as the treatment of long-term versus short-term capital gains, the computation of the tax basis, the taxation of dierent risky securities especially derivatives, and how capital gain taxes are computed at an investor's death.
Given these complexities, academic work studying portfolio choice with capital gain taxation typically adopts the most signicant features of the tax code and assumes the other unmodelled features are of secondary importance. One feature of the tax code that has received little attention in the academic literature is that the use of capital losses is typically limited.
1 In most tax codes, capital losses can only be used to oset current or future realized capital gains. Instead, it is commonly assumed that the use of capital losses is not restricted. If capital losses are larger than capital gains in a period, then the investor receives a tax rebate check from the taxing authority.
The goal of this paper is to explore how the limited use of capital losses inuences an investor's consumption-portfolio decision.
Specically, we investigate the role of realized capital gain taxation with the limited use of capital losses on an investor's consumption-portfolio problem. For tractability, we assume an investor can trade in a single risky stock and a riskless money market. Essential to our analysis is that investors cannot perfectly oset all capital gain taxes as in the seminal work of Constantinides (1983) . Indeed, based on provisions in tax codes such as the 1997 Tax Reform Act in the U.S. that ruled out shorting the box transactions 2 as well as recent empirical evidence summarized in Poterba (2001) , investors do realize capital gains and hence pay capital gain taxes. To be able to easily compare our analysis with past work, we modify the setting of Dammon et al. (2001b) to accommodate the limited use of capital losses. In this setting, the investor trades the stock and the money market to nance lifetime consumption. To rule out shorting the box trades, the investor is precluded from short-selling.
From our numerical analysis of the investor's consumption-portfolio problem, we nd that imposing the limited use of capital losses leads to an optimal equity-to-wealth ratio that is strongly non-monotonic in the portfolio's tax basis. This is in contrast to imposing the full use of capital losses assumption where the equity-to-wealth ratio is monotonic in the portfolio's tax basis. This dierence is driven by the inability to generate tax rebates under the limited capital loss assumption when the portfolio's tax basis is close to the current stock price. In this region, equity can be much less desirable to hold under the limited capital loss assumption as compared to the full capital loss assumption and the untaxed case.
When the portfolio's tax basis is much lower than the current stock price, the optimal equityto-wealth ratio behaves similarly across the full and limited use of capital losses assumption. In this region, the portfolio has a large embedded gain implying that an investor under the full capital loss assumption will not be receiving any tax rebates in the near future. Any equity trading will most likely result in positive capital gain taxes being paid.
When the portfolio's tax basis is higher than the current stock price, the optimal equity-to-wealth ratio under the limited use of capital losses converges to the optimal equity-to-wealth ratio of an investor who does not pay capital gain taxes. Given the investor's portfolio has a large capital loss, the limited use of capital losses assumption allows the investor to use the loss today to cover future realized capital gains. If this loss is large enough, all future capital gains can be oset leading to the convergence to the no capital gain tax optimal equity-to-wealth ratio. In contrast, the capital loss generates a tax rebate that is immediately capitalized into the investor's budget constraint under the full use of capital losses assumption. This tax rebate acts as a state-dependent dividend which makes holding equity less risky as it partially shields the investor from a drop in the equity price.
From these dierences in optimal trading strategies across the full use and limited use of losses assumption, total equity exposure over the investor's lifetime tends to be lower under the limited use of losses. From an investor welfare perspective, we also document the cost of imposing each form of capital gain taxation on an untaxed investor. The tax rebate generated under the full use of capital losses generates a counterfactual result an untaxed investor would actually prefer to pay capital gain taxes if the full use of losses is allowed. Such behavior is not exhibited if a capital gain tax is imposed with a limited use of losses. Under this form of capital gain taxation, no tax rebates are generated leading to the untaxed investor never preferring such a taxation scheme.
As mentioned earlier, the novelty of our work is in analyzing capital gain taxation with the limited use of losses. Several other papers have examined portfolio choice with capital gain taxation when the use of capital losses is not restricted. When shorting the box trades are allowed, Constantinides (1983) shows that an investor can optimally defer all gains and immediately realize all losses without inuencing his portfolio decision. Central to Constantinides' analysis is the valuation of the cash stream created from tax-loss selling, commonly called the tax-loss option. When short-selling is prohibited, Dybvig and Koo (1996) provide a numerical study of after-tax portfolio choice. Due to computational issues, they study the problem for a limited number of time periods.
Later work, based on Dammon et al. (2001b) , assumes the tax basis follows the weighted-average of past purchase prices as in this paper. By doing so, after-tax portfolio choice can be studied by numerical dynamic programming for longer horizons. This work includes studies with multiple stocks (Dammon et al. (2001a) ; Garlappi et al. (2001) ; Gallmeyer et al. (2006) ) and studies that explore investing simultaneously in taxable and tax-deferred accounts (Dammon et al. (2004); Huang (2001) ). Using numerical nonlinear programming techniques, DeMiguel and Uppal (2005) study the utility cost of using the weighted-average of past purchase prices as a tax basis as compared to the exact share identication rule. For exact solutions to capital gain tax portfolio problems under restrictive conditions, see Cadenillas and Pliska (1999) , Jouini et al. (2000) , and Hur (2001) . Again, all of this previous work assumes the use of capital losses is unrestricted.
One paper that does study the limited use of capital losses is concurrent work by Marekwica (2007) , which we became aware of after preparing this manuscript. His work only studies conditional portfolio policies under the limited use of capital losses in a setting similar to our own. In contrast to his work, we stress the conditional dierences between the full and limited use of capital losses as well as dierences related to an untaxed investor. More importantly, we provide an analysis of the properties of lifetime portfolios and show that dierences between the full and limited use of capital losses are less extreme than the conditional portfolio results suggest. Additionally, we provide a welfare analysis demonstrating that the full use of capital losses assumption leads to the counterfactual result that an untaxed investor would actually prefer to pay capital gain taxes under a full use of losses regime. The same is not true for the limited use of capital losses.
The paper is organized as follows. Section 2 describes the portfolio problem. Section 3 provides a simplied example that highlights the intuition behind the role of the limited use of capital losses.
Our numerical analysis of optimal portfolios at a point in time is presented in Section 4. Section 5 reports lifetime properties of the optimal portfolios, while Section 6 analyzes the economic costs of capital gain taxation under both the full use of losses and the limited use of losses. Section 7 concludes. Appendix A gives a formal mathematical denition of the problem studied. Appendix B discusses the numerical procedure employed.
2
The Consumption-Portfolio Problem
The investor chooses an optimal consumption and investment policy in the presence of realized capital gain taxation at trading dates t = 0, ..., T . The framework is an extension of the single risky asset model of Dammon et al. (2001b) where we modify capital gain taxation to accommodate for the limited use of capital losses. Our assumptions concerning the exogenous price system, taxation, and the investor's portfolio problem are outlined below. The notation and model structure are based from the setting in Gallmeyer et al. (2006) . A full description of our partial equilibrium setting is given in Appendix A.
Security Market
The set of nancial assets available to the investor consists of a riskless money market and a single dividend-paying stock. The money market pays a continuously-compounded pre-tax rate of return r. The stock pays a dividend with a constant dividend yield. The evolution of the ex-dividend stock price evolves as a binomial process.
Taxation
Interest income is taxed as ordinary income on the date that it is paid at the rate τ I . Dividends are also taxed on the date that they are paid, but at the rate τ D to accommodate for dierences in taxation between interest and dividend income.
Our analysis centers around a feature of the tax code that has not received much attention in the academic literature, namely that most capital gain tax codes restrict how realized capital losses are used. The most common assumption used in the portfolio choice literature is that there are no restrictions on the use of capital losses. We refer to this case as the full use of capital losses (FUL) case.
Denition 1 (Full Use of Capital Losses (FUL) Case). An investor with the full use of capital losses faces no restrictions on their use. When realized capital losses are larger than realized capital gains in a period, the remaining capital losses generate a tax rebate that can be immediately invested.
Note that Denition 1 is the common assumption made in the portfolio choice literature with capital gain taxes (Constantinides (1983) ; Dammon et al. (2001b Dammon et al. ( , 2004 Dammon et al. ( , 2001a ; Garlappi et al. (2001); Hur (2001) ; Gallmeyer et al. (2006); DeMiguel and Uppal (2005) ). In particular, it is always optimal for an investor to immediately realize a capital loss to capture the resulting tax rebate.
Given most capital gain tax codes restrict the use of capital losses, our alternative form of realized capital gain taxation is referred to as the limited use of capital losses (LUL) case.
Denition 2 (Limited Use of Capital Losses (LUL) Case). The use of capital losses is limited when realized capital losses can only be used to oset current realized capital gains when calculating capital gain taxes. Unused capital losses can be carried forward indenitely to future trading dates.
Under the LUL case, we assume that the investor immediately realizes all capital losses even if they are not used. The no-arbitrage analysis in Gallmeyer and Srivastava (2003) shows that an investor is indierent between realizing an unused capital loss or carrying it forward.
For tractability, our denition of the limited use of capital losses does not include the ability to use capital losses to oset current taxable income. In the U.S. tax code, individual investors can only oset up to $3, 000 of taxable income per year with realized capital losses. Additionally, our analysis does not distinguish between dierential taxation of long and short-term capital gains since our investors trade at an annual frequency. For such an analysis, see Dammon and Spatt (1996) .
Under both the FUL and the LUL cases, realized capital gains and losses are subject to a constant capital gain tax rate of τ C . When an investor reduces his outstanding stock position by selling, he incurs realized capital gains or losses subject to taxation. The tax basis used for computing these realized capital gains or losses is calculated as a weighted-average purchase price.
3 In the FUL case, realized capital losses are treated as tax rebates, or negative taxes, for the investor. Hence, they lead to an increase in nancial wealth when the loss is realized. In the LUL case, realized capital losses can only be used to oset current or future capital gains.
When an investor dies, capital gain taxes are forgiven and the tax basis of the stock resets to the current market price. This is consistent with the reset provision in the U.S. tax code. Dividend and interest taxes are still paid at the time of death. We also consider the case when capital gain taxes are not forgiven which is consistent with the Canadian tax code. While the investor can wash sell to immediately realize capital losses, he is precluded from shorting the stock which eliminates any ability to engage in a shorting the box transaction to avoid paying capital gain taxes. An imperfect form of shorting the box that involves trading in highly correlated, but dierent assets, is quantitatively studied in Gallmeyer et al. (2006) .
Investor Problem
To nance consumption, the investor trades in the money market and the stock. Given an initial equity endowment, a consumption and security trading policy is an admissible trading strategy if it is self-nancing, involves no short selling of the stock, and leads to nonnegative wealth over the investor's lifetime. The investor lives at most T periods and faces a positive probability of death each period. The probability that an investor lives up to period t < T is given by a survival function, calibrated to the 1990 U.S. Life Table, compiled by the National Center for Health Statistics where we assume period t = 0 corresponds to age 20 and period T = 80 corresponds to age 100. At period T = 80, the investor exits the economy with certainty.
The investor's objective is to maximize his discounted expected utility of real lifetime consumption and a time of death bequest motive by choosing an admissible consumption-trading strategy given an initial endowment. For tractability and ease of comparison with no tax portfolio problems, 3 The U.S. tax code allows for a choice between the weighted-average price rule and the exact identication of the shares to be sold, while the Canadian tax code uses the weighted-average price rule. While choosing to sell the shares with the smallest embedded gains using the exact identication rule is clearly most benecial to the investor, solving for the optimal investment strategy becomes numerically intractable for a large number of trading periods given the dimension of the state variable increases with time (Dybvig and Koo, 1996; Hur, 2001; DeMiguel and Uppal, 2005) .
Furthermore, for parameterizations similar to those in this paper, DeMiguel and Uppal numerically show that the certainty-equivalent wealth loss using the weighted-average price basis rule as compared to the exact identication rule is small. the utility function for consumption and wealth is of the constant relative risk aversion form with a coecient of relative risk aversion of γ. Using the principle of dynamic programming, the Bellman equation for the investor's optimization problem, derived in Appendix A, can be solved numerically by backward induction starting at time T . Details of the computational complexity of this problem are outlined in Appendix B.
Scenarios Considered
To understand how the LUL case inuences optimal portfolio choice relative to the FUL case, we focus on several scenarios where an investor faces dierent risk-return trade os between the stock and the money market as well as dierent tax trading costs. Relative to the LUL and FUL assumptions, one benchmark we refer to is the case when the investor faces no capital gain taxation, abbreviated NCGT. In this benchmark, the investor still pays dividend and interest taxes. Given the investment opportunity set is constant and the investor has CRRA preferences in this benchmark, the optimal trading strategy is to hold a constant fraction of wealth in the stock at all times.
Second, we also employ the FUL case as a benchmark to compare with the LUL case since the FUL assumption is commonly used in the academic literature.
In all our parameterizations, the investor begins investing at age 20 and can live to a maximum of 100 years. Hence, the maximum horizon for an investor is T = 80. The ination rate is assumed to be i = 3.5%. The investor's constant relative risk averse preferences are calibrated with a time discount parameter β = 0.96. The bequest motive is calibrated such that the investor plans to provide a perpetual real income stream to his heirs.
Our base case choice of parameters, referred to throughout as the Base Case, views the stock as an index fund with price dynamics consistent with a large-capitalization U.S. stock fund. We assume the expected return due to capital gains is µ = 7%, the dividend yield is δ = 2%, and the volatility is σ = 20%. The money market's return r equals 6%. The investor rebalances his portfolio once a year. The investor enters the economy at age 20 and exits no later than age 100.
This choice of price system parameters is roughly comparable to those used in Dammon et al. (2001b) and Gallmeyer et al. (2006) . The tax rates used are set to roughly match those faced by a wealthy investor under the current U.S. tax code. We assume that interest is taxed at the investor's marginal income rate τ I = 35%. Dividends are taxed at τ D = 15%. The capital gain tax rate is set to the long-term rate τ C = 15%. 4 To be consistent with the U.S. tax code, capital gain taxes are forgiven at the investor's death. The relative risk aversion coecient is assumed to be γ = 3.
We also consider several variations of the Base Case parameters. Most of these variations are meant to increase the value of the tax-loss selling option under the FUL case to capture an increased importance of tax-loss selling. An immediate way to increase the value of the FUL tax-loss selling option is just to increase the capital gain tax rate. In the Capital Gain Tax 30% Case, the capital gain tax rate is increased to τ C = 30%, roughly equal to the 28% rate imposed after the U.S. 1986
Tax Reform Act. This rate also provides a setting that is roughly consistent with the long-term capital gain tax rate paid in many foreign countries. For example, the capital gain tax rates in Before numerically studying the consumption-portfolio problem outlined in Section 2, we rst analyze a two trading date example to highlight the role the limited use of capital losses plays in determining an investor's optimal trading strategy. Given the portfolio problem only lasts for two periods, this example conveniently allows us to follow the optimal trading path of the investor over time.
4 The U.S. Tax Relief and Reform Act of 2003 changed several features of the tax code with respect to investments.
In particular, the long-term capital gain tax rate dropped from τC = 20% to τC = 15% for most individuals. Dividend taxation switched from being linked to the investor's marginal income tax rate to a at rate of τD = 15%. The 2006 Tax Reconcilation Act extended these rates to be eective until 2010. From 2011 and on, these rates will generally revert to the rates eective before 2003 unless another tax law change is made.
5 We also considered a setting with a higher stock volatility where we adjusted the pre-tax Sharpe ratio of the stock so that the NCGT investor holds the same equity position as in the Base Case. This increase in volatility increases the value of the tax-loss selling option for the FUL investor. The results are similar to the case of increasing the capital gain tax rate and are available from the authors.
In this example which is a simplied version of the model in Section 2, the investor lives with probability one until T = 2 and maximizes the expected utility of nal period wealth with CRRA preferences with a coecient of relative risk aversion equal to 3. The investor trades in a nondividend paying stock and a riskless money market. The stock's price evolves as a binomial process with an initial price of one. Hence, the investor will make a portfolio choice decision at t = 0 and t = 1 conditional on the stock going up or down in price. Over the investor's lifetime, he pays taxes on the money market's interest payment as well as capital gain taxes on the stock. At time T = 2, the portfolio is liquidated and the investor consumes the after-tax wealth. To purely isolate the dierence between the FUL and LUL cases, no capital gain tax liabilities are forgiven at time T = 2. Capital gain tax forgiveness at death is considered in the long-dated portfolio problem studied in Sections 4 through 6. The investor is initially endowed with one share of stock with a pre-existing tax basis that is allowed to vary to capture dierent tax trading costs. When the tax basis is initially set lower (higher) than the t = 0 stock price, the investor has a capital gain (loss) in his endowed stock position.
Using the same notation as Section 2 and Appendix A, the parameters of the price system are We examine three dierent cases a no capital gain tax case (NCGT), a full use of losses capital gain tax case (FUL), and a limited use of losses capital gain tax case (LUL). Figures 1-3 summarize the optimal portfolio choice, wealth, expected utility, and capital gains taxes for dierent basis-to-price ratios at t = 0. Again, a basis-to-price ratio below one corresponds to the investor initially having a capital gain in his stock position; a basis-to-price ratio above one corresponds to the investor initially having a capital loss in his stock position. At a basis-to-price ratio equal to one, the investor can trade at t = 0 with no capital gain tax implications. Figure 1 reports the after-tax optimal stock position as shares (left panels) and as a fraction of wealth (right panels) across the three cases for time t = 0 (top panels), time t = 1 with a stock price rise (middle panels), and time t = 1 with a stock price drop (bottom panels). Figure 2 reports the after-trade wealths at t = 0 (top left panel), t = 1 (middle left panels), and t = 2 (right panels)
as well as the time t = 0 expected utility (bottom left panel) across the three cases. Finally, Figure   3 reports the capital gains taxes collected at time t = 0, 1, 2 and is oriented the same as Figure 2 .
In each gure, the solid line corresponds to the LUL case, the dashed line corresponds to the FUL case, and the dashed-dotted line corresponds to the NCGT case.
The NCGT case provides a convenient benchmark to compare the two capital gain tax cases.
Given the investor has no labor income, has CRRA preferences, and faces a constant opportunity set, he holds a constant fraction of his wealth in equity at all times. Specically, from the dasheddotted lines in the right panels of Figure 1 , the investor always holds approximately 51% of his wealth in the stock. To maintain this constant fraction, the investor trades shares of stock each period. From the left panels of the gure, the investor initially reduces his position from 1 share to 0.51 shares; the proceeds of selling 0.49 shares are invested in the money market. At t = 1 when the stock price increases, the investor's fraction of wealth in equity rises above its optimal amount. The investor then reduces his equity position to 0.47 shares (middle left panel) and invests the sale proceeds in the money market. When the stock price decreases at t = 1, the investor is underexposed to equity and buys shares by selling part of his money market investment leading to a position of 0.57 shares (bottom left panel).
With capital gain taxes, the investor can no longer costlessly trade as in the NCGT case leading to signicant deviations from the no tax case. We rst examine the FUL case (dashed lines in Figures 1-3) to examine how the full use of capital losses inuences portfolio choice.
From Figure 1 , the FUL case (dashed lines) leads to higher equity holdings from both the share and fraction of wealth perspective relative to the NCGT case at t = 0 (top panels). When the basis-to-price ratio of the endowment is less than one initially, this increase in equity holdings is driven by the tax costs to trade as can be seen in the taxes paid at t = 0 plot (top left panel of Figure 3 ). Given the investor is initially grossly undiversied since all his wealth is held in one share of stock, he sells stock to better balance the risk-return tradeo of holding stock relative to the money market, but pays capital gain taxes to do so. At t = 1 if the stock goes up (middle panels of Figure 1 ), the FUL investor again sells more shares to reduce his over-exposure to equity, but pays capital gain taxes to do so (middle left panel of Figure 3 ). At t = 1 if the stock goes down (bottom panels of Figure 1 ), the FUL investor increases the number of shares of equity he holds leading to a higher fraction of wealth in stock as compared to the NCGT investor. Although he will pay capital gain taxes at t = 2 if the stock goes up at t = 2, he will start receiving tax rebates if the stock goes down at t = 2 (bottom right panel of Figure 3 ). Overall at t = 0, as the basis-to-price ratio moves closer to one, the tax trading costs are lower and the investor holds less equity, but still more as compared to the NCGT case.
When the basis-to-price ratio is greater than one initially, the trading strategy in the FUL case is inuenced by the ability to tax-loss sell the embedded capital loss. Since the investor is unrestricted on how realized capital losses can be used, he receives a tax rebate from the taxing authority in the form of a negative capital gain tax that can be immediately invested. The tax rebate from tax loss selling can be interpreted as a state-dependent dividend being paid by the stock when the stock price drops. This distortion leads to the investor buying more stock the greater the capital loss as When the embedded capital gain in the portfolio is initially large, the LUL case is identical to the FUL case because the investor will never tax-loss sell at any time. This corresponds to a basis-to-price ratio of 0.69 initially and is the leftmost point in all plots of Figures 1-3. Given the investor is initially endowed with an all equity position with a large embedded gain, all trades at t = 0 and t = 1 lead to positive or zero capital gain taxes in both the LUL and the FUL cases (see Figure 3 ). The equity position at time t = 0 is larger than the NCGT case given the tax trading costs of reducing the equity position with the large embedded capital gain.
As the basis-to-price ratio rises above 0.69, the LUL and the FUL strategies diverge dramatically with the LUL equity position falling signicantly for basis-to-price ratios around 1.0 at time t = 0 as can be seen in the top panels of Figure 1 . For example, when the basis-to-price ratio equals 1.0 implying no initial embedded gains, the LUL investor's stock position as a fraction of wealth is 0.33, 0.31, and 0.33 at t = 0, t = 1 stock up, and t = 1 stock down, respectively. For the FUL investor, these portfolio weights are signicantly higher at 0.52, 0.54, and 0.52, respectively.
This reduction in equity holdings relative to the FUL case is driven by the reduction in value of tax-loss selling the stock. In the FUL case, capital losses acted as a payo to cushion down stock market movements. With the LUL case, these realized capital losses can only be used to lower future capital gain taxes and possibly could go unused. The smallest equity holding for the LUL case at t = 0 occurs when the basis-to-price ratio is slightly above 1.0. Here the initial loss in the investor's portfolio is realized and used to oset any future capital gains. By taking a reduced equity position at t = 0, the investor is able to avoid paying any capital gain taxes in the future. In particular, if the stock goes up at t = 1 and up again at t = 2, the accumulated gains from holding stock over these two periods are covered by the original realized capital losses at t = 0. Such behavior is evident in Figure 3 where under the LUL scenario, no capital gain taxes are paid in any state once the basis-to-price ratio is large enough.
As the basis-to-price ratio increases above 1.0, the LUL trading strategy converges to the NCGT trading strategy. Note that this is also equivalent to endowing the LUL investor with a large unused capital loss initially. This occurs if the capital loss in the investor's portfolio is large enough to oset all future capital gain taxes when the LUL investor trades the NCGT strategy. From Figure 1 , this occurs when the initial basis-to-price ratio is slightly above 1.2. Note that the FUL stock trading strategy always is higher than the NCGT strategy in this region. Here the FUL investor tax loss sells and uses the tax rebate to nance larger equity holdings. Ultimately, this leads to higher time t = 2 wealths in all states and a higher expected utility relative to the LUL and NCGT cases as can be seen in the right panels and the bottom left panel of Figure 2 .
Overall, this simple three date example highlights that the FUL and LUL cases can lead to starkly dierent trading strategies when the FUL investor engages in tax-toss selling. We now turn to a long-dated consumption-portfolio problem to understand how the FUL and the LUL trading strategies are quantitatively dierent.
4
The Conditional Structure of Optimal Portfolios
We begin our numerical analysis of the long-dated portfolio problem outlined in Section 2 by characterizing the structure of optimal portfolios under the FUL and the LUL cases at a particular time
and state. This analysis shows conditionally how the two tax cases dier as a function of the state variables. It however does not provide a full picture of the optimal strategies over the investor's lifetime as these strategies are just snapshots at a particular state and time. An analysis of lifetime portfolio holdings is undertaken in Section 5.
The Base Case
Figure 4 presents optimal stock-to-wealth ratios conditional on the beginning period stock-to-wealth and basis-to-price ratios for the FUL and the LUL cases. The LUL case is assumed to have a zero carry-over loss. The parameters used are the Base Case parameters. Additionally, Table 1 provides the same information numerically as Figure 4 for a subset of the beginning period stock-to-wealth and basis-to-price ratios. The left (middle) panel is for the FUL (LUL) case. The right panel computes the percentage increase of the stock-to-wealth ratio for the FUL case relative to the LUL case. We do not report conditional trading strategies in the LUL case for nonzero carry over losses entering the trading period. Based on our simulation analysis in the next section, nonzero carry over losses mainly occur with stock positions with basis-to-price ratios close to one along the investor's optimal path. Hence, this situation is well-captured by just examining trading strategies with basisto-price ratios bigger than one entering the period. For the NCGT benchmark, the optimal portfolio choice is a stock-to-wealth ratio of 0.228 at all times for these parameters.
The left panels of Figure when the basis-to-price ratio is 0.5 and an equity position of 0.227 when the basis-to-price ratio is 1.0. Given the forgiveness of capital gain taxes at death, the marginal tax cost of trading eectively increases with age. At age 80 and a beginning period stock-to-wealth ratio of 0.40, the optimal equity position increases to 0.347 when the basis-to-price ratio is 0.5. Overall, optimal equity allocations under the FUL case can rise signicantly above the NCGT benchmark of 0.228. Even when there are no capital gains embedded in the portfolio, FUL equity allocations at age 20 are approximately equal to the NCGT allocation and higher than the NCGT allocation at age 80.
The right panels of Figure 4 document optimal portfolio choice at ages 20 and 80 for the LUL case. As compared to the FUL case, the LUL equity strategy is non-monotonic along the basis-toprice dimension as in the example from Section 3. With the restriction on the use of capital losses from the LUL case, equity allocations when the basis-to-price ratio is around 1.0 are most strongly inuenced. For example at age 20 and a basis-to-price ratio of 1.0, the LUL equity allocation is 0.172 while the FUL equity allocation is 0.227. Relative to the LUL case, this FUL allocation is 32.0% higher as can be seen in the right top panel of Table 1 . At age 80, the dierence between the two trading strategies is even more acute with the FUL investor's equity position 35.1% higher than the LUL investor's equity position at a basis-to-price ratio equal to one.
This reduction in equity is driven by the restrictions on the use of capital losses placed on the LUL investor. At a basis-to-price ratio around one, an FUL investor has the potential to tax loss sell next period and receive a tax rebate. The LUL investor however will only potentially receive a capital loss to carry forward to the next trading period.
Equally interesting is how the two dierent assumptions on capital losses lead to dierent equity positions when the basis-to-price ration is equal to one relative to the NCGT case. At age 20, the FUL investor holds virtually the same fraction of wealth in equity as the NCGT investor. Here, even though the FUL investor pays taxes when the stock appreciates in value and he realizes gains, his downside risk of holding stock is reduced relative to the NCGT case through the tax rebates received when the stock price falls.
In contrast, the LUL investor's after-tax payo on the stock is not higher than the NCGT case when the stock price falls. Given realized capital losses can only be used to oset future realized capital gains, the after-tax payo of the stock is always worse for the LUL investor relative to the NCGT investor's stock payo. The two will only be the same if the LUL investor accumulates a lifetime worth of capital losses to use to oset all future capital gain taxes.
Like the Section 3 example, the LUL equity strategy converges to the FUL equity strategy when the investor is over invested in equity with a large capital gain. In this situation, the probability that the FUL investor engaging in any tax loss selling is greatly reduced given the large locked-in capital gain in the portfolio. Hence, the two strategies converge as can be seen when the basis-to-price ratio is low and the beginning period equity allocation is high. For example, the FUL and LUL equity positions both equal 0.347 at an initial stock allocation of 0.45 and a basis-to-price ratio of 0.5 at age 80.
The LUL strategy also converges to the NCGT strategy when the investor enters the period with a large capital loss. From Table 1 at a basis-to-price ratio of 1.1, the LUL equity allocation converges to the NCGT equity allocation of 0.228 as the beginning period stock-to-wealth ratio increases to 0.45. Here the capital loss in the portfolio is large enough that the LUL investor can trade the same strategy as the NCGT investor and oset all future capital gain taxes. Note that this convergence of the trading strategy to the NCGT case would also occur when the LUL investor's carry over loss is large.
Summarizing, under the Base Case parameters, the LUL optimal equity allocation is strongly non-monotonic relative to the FUL optimal equity allocation along the basis-to-price dimension.
When tax costs of trading are low, the LUL allocation falls signicantly relative to both the FUL and the NCGT allocations. When the LUL investor has a position with a large embedded gain, he is locked into his position like the FUL investor. When large capital losses are accumulated by the LUL investor, his trading strategy resembles the NCGT investor's strategy.
Comparative Statics
Tables 2 through 5 report optimal equity allocations for several variations of the Base Case parameters. Tables 2 and 3 explore the eect of increasing the capital gain tax to 30% and 50% on the FUL and the LUL optimal equity strategies. Given changing the capital gain tax rate inuences both the expected return and the volatility of the stock, it is not immediately apparent how portfolio allocations will be inuenced. However, from Constantinides (1983) , we know the value of the tax loss selling option increases as the capital gain tax rate increases. The 30% rate is roughly consistent with the old 28% capital gain tax rate imposed in the U.S. after the 1986 Tax Reform Act as well as the tax rate in several foreign countries. The 50% rate is simply meant to capture an extreme level of capital gain taxation. When the basis-to-price ratio is 1.0, the optimal equity allocations at ages 20 and 80 drop under the LUL case when the capital gain tax rate increases as compared to the Base Case. With the increase in the tax rate, the benet of holding equity is reduced leading to lower allocations. Again, the LUL investor's after-tax opportunity set worsens with the higher tax rate.
The same eect does not occur for the FUL case however. When the basis-to-price ratio is 1.0, the FUL investor might actually hold more equity as the capital gain tax rate increases. In the Capital Gain Tax 30% Case for example, the FUL investor's optimal stock-to-wealth ratio rises to 0.293 as compared to 0.235 in the Base Case at age 80. The Capital Gain Tax 50% Case leads to even larger increases in equity holdings. At age 80, the FUL investor's stock-to-wealth ratio rises to 0.406 when the basis-to-price ratio is 1.0. Given the investor's horizon has shortened, he is willing to hold a larger equity position to realize tax loss selling options.
The risk aversion of the investor is decreased to γ = 2 in Table 4 to capture a scenario where equity is a more important component of the investor's portfolio. In this case, the NCGT equity-towealth allocation is 0.343 as compared to 0.228 under the Base Case parameters. Decreasing the risk aversion leads to largely the same feature as in the Base Case the LUL optimal equity allocation is again strongly non-monotonic along the basis-to-price dimension, but at higher allocations given the drop in the investor's risk aversion.
Given the U.S. tax code has the unique feature of capital gain taxation forgiveness at death, Table 5 reports the optimal equity allocations when capital gain taxation is not forgiven at death as in, for example, the Canadian tax code. With no tax forgiveness, optimal equity allocations under the FUL and LUL cases no longer increase strongly with age as can be seen by comparing Panel A (age 20) with Panel B (age 80). Importantly, the LUL equity allocation still retains its non-monotonic pattern as in the base case.
5
The Lifetime Structure of Optimal Portfolios
While examining optimal portfolio choice at a particular time and state is useful in understanding the conditional dierences in the FUL and the LUL trading strategies, it provides limited information about any dierences in portfolio composition over an investor's lifetime. Indeed, these conditional snapshots are exactly that they contain limited information about how an investor's portfolio optimally evolves through time. For example, it is very unlikely along an optimal trading path that an investor will simultaneously have a large carry over loss and a large equity position with a low tax basis. Also, the conditional snapshots do not easily summarize the increase in wealth from tax rebates collected by the FUL investor.
To gain insights about portfolio choice along the optimal strategy taken over an investor's lifetime, we perform Monte Carlo simulations starting with no embedded stock gains at age 20 and an initial wealth of $100 to track the evolution of the investor's optimal portfolio at ages 40, 60, and 80 conditional on the investor's survival. These results are reported in Tables 6-8 column presents the cumulative taxes paid from age 20 to the current age divided by the wealth at the current age. Finally, the column LUL Carry Over Loss-to-Wealth Ratio presents the carry over loss variable at the current age.
The Base Case
The Base Case simulations are presented in Table 6 . The ability to tax loss sell in the FUL case leads to higher wealths on average relative to the LUL case at all ages. At ages 60 and 80, the FUL wealth distribution is weakly higher at all deciles relative to the LUL wealth distribution. This increase in the FUL wealth distribution is driven by two eects higher equity holdings and tax rebates collected through tax loss selling. From the stock-to-wealth ratio column, the FUL equity holdings dominate the LUL equity holdings at all ages until the 80th percentile leading to on average higher equity holdings in the FUL case. This dierence in equity holdings is driven by the original divergence in equity holdings in the FUL and LUL cases when the basis-to-price ratio is around 1.0.
Tax loss selling also plays a role in the higher FUL wealth distribution. Note that the cumulative capital gain tax-to-wealth ratios are negative for the lower deciles at all ages for the FUL case. This is capturing the tax rebates being collected when the FUL investor tax loss sells.
The Base Case simulations also highlight that LUL investor's carry over loss is also typically quite small. At age 40, the average carry over loss is 0.5% of wealth. Also, the distribution is heavily skewed toward zero as can be seen in the percentiles. Hence, the investor rarely has a signicant carry over loss in his portfolio over his lifetime.
Overall, the Base Case simulations highlight that under both the FUL and LUL cases, the investors get capital gains locked in quickly and actually pay little capital gain taxes over their lifetimes. Even though the capital gain tax is 15%, eectively it is signicantly smaller. Our analysis of the conditional structure of optimal portfolios in Section 4 demonstrated that optimal portfolios across the FUL and LUL cases can greatly dier when the basis-to-price ratio is around one. The lifetime portfolio analysis of Section 5 partially mitigates the dierences though over an investor's life, he typically holds a stock position with a signicant embedded gain regardless of the FUL or LUL assumption. However, optimal wealth distributions and taxes collected do dier.
Comparative Statics
We now attempt to quantify the economic signicance of the dierence between the FUL and the LUL cases in Tables 9 and 10 .
Each table reports the wealth change of an age 20 NCGT investor due to imposing a capital gain tax. We present results conditional on his endowed equity position and basis-to-price ratio. under the FUL scheme. The same is not true for the LUL taxation scheme. When the basis-to-price ratio is 1.0, the wealth change due to switching to the LUL capital gain taxation scheme is −1.2%.
When the NCGT investor is oered to switch to a large equity position with a large embedded gain, the FUL and LUL wealth changes are still dierent with the LUL wealth change being lower.
For example, at an initial stock position expressed as a fraction of wealth of 0.50 and a basis-toprice ratio of 0.5, the dierence between the FUL and LUL wealth changes is 0.6%. This dierence implies that in the future, the two optimal trading strategies will diverge with a positive probability with the FUL investor potentially engaging in tax loss selling.
The value of starting with a capital loss in the investor's portfolio is captured by a basis-to-price ratio above one. Here the dierence between the FUL and LUL wealth changes is greatest since the FUL investor immediately tax loss sells capturing a tax rebate. When the NCGT investor starts with an initial stock position of 0.20 and a basis-to-price ratio of 1.2, the dierence between the FUL and LUL wealth changes is 1.7% of current wealth.
Increasing the capital gain tax rate amplies the dierence between the FUL and the LUL wealth changes as can be seen in Panel B of Table 9 and Panel A of Table 10 . As the capital gain tax rate increases, the FUL wealth change at a basis-to-price ratio of 1.0 becomes even more positive: 1.2%
when τ C = 30% and 3.8% when τ C = 50%. In contrast, the LUL wealth ratio becomes even more negative: −1.5% when τ C = 30% and −1.6% when τ C = 50%. The positive wealth ratios under the FUL case demonstrate the increased importance of the tax loss selling option in driving optimal portfolio decisions.
When the investor's risk aversion falls leading to larger equity positions, the wealth changes are amplied relative to the Base Case parameters. Panel B presents the same results for the Lower Risk Aversion Case. When the basis-to-price ratio is 1.0, the FUL wealth change is even more positive at 0.6%, while the LUL wealth change is even more negative at −1.4%. Panel C, the wealth change is −1.0% when the basis-to-price ratio is 1.0. By removing an investor's ability to shield capital gains from taxation at death, the wealth change becomes negative. The LUL wealth changes are still lower than the FUL wealth changes at all allocations and basis-toprice ratios. This implies that even under no tax forgiveness at death, tax loss selling still has an important role in mitigating the cost to the investor of the capital gain tax.
Conclusion
Given that integrating capital gain taxation into a portfolio choice setting can be dicult, it is common to adopt the most signicant features of the tax code and assume any other features are of secondary importance. Our work focuses on one feature of the capital gain tax code that has received little attention in the academic literature the limited use of capital losses. Rather than allowing capital losses to generate tax rebates if there are no realized capital gains to oset against, we require that capital losses can only be used to oset current or future realized capital gains.
Under this restriction on the use of capital losses, we study an investor's consumption-portfolio problem in the presence of capital gain taxation. In contrast to when the use of capital losses is unrestricted, we show that the optimal equity-to-wealth ratio is non-monotonic in the portfolio's tax basis. In particular, equity holdings can be signicantly smaller under the limited use of losses when the tax basis is close to the current stock price. When examining the optimal portfolios over an investor's lifetime, the dierences across the full and limited use of losses are partially mitigated as trading strategies under each setting tend to lead to larger equity positions with a small tax basis over time. We also document a counterfactual welfare result when the use of capital losses is unrestricted. If an investor faces capital gain taxation with the unrestricted use of capital losses, he actually prefers to pay capital gain taxes rather than being untaxed. This desire is generated from the stream of cash ows generated from the tax rebates.
For tractability, we have restricted our analysis to a single risky stock and a money market setting. A natural question to ask is how the limited use of capital losses inuences equity trading decisions in the presence of multiple stocks. With more stocks, simultaneous capital gains and losses can occur in the portfolio. We are currently exploring the two stock case by extending the analysis in Gallmeyer et al. (2006) . Such an analysis is complicated by the need to carry an additional state variable, the carry-over capital loss.
A Investor Consumption-Portfolio Problem with Capital Gain Taxes
The mathematical description of the portfolio problem outlined in Section 2 is now presented. Our single risky stock model is an extension of the single-stock setting of Dammon et al. (2001b) and heavily follows the notation and setup of Gallmeyer et al. (2006) but for only one risky stock. The major dierence in our work is that it accommodates for the limited use of capital losses.
A.1 Security Market
The economy is discrete-time with trading dates t = 0, ..., T . Each period, the investor can trade in two assets: a riskless money market and a risky dividend-paying stock.
The riskless money market has a time t price of S 0 (t) and pays a continuously compounded pre-tax interest rate r. The money market's price dynamics are given by
where ∆ t is an arbitrary time interval. To match the trading interval of the investor in our economy, we assume that ∆ t = 1 with time units measured in years.
Stock market investment opportunities are represented by a single stock with a time t exdividend price S 1 (t). The stock pays a pre-tax dividend of δ 1 S 1 (t) at time t + ∆ t where δ 1 is the stock's dividend yield. The stock's pre-tax ex-dividend price follows a binomial process with price dynamics over the time interval ∆ t given by:
wherez is a binomial random variable taking the two values −1 and 1 with a probability distribution specied as p(z = 1) = p(z = −1) = 1 2
. The quantity µ is the instantaneous capital gain expected growth rate and σ is the instantaneous volatility of the stock.
A.2 Investor's Problem
Given a discrete-time economy with trading dates t = 0, . . . , T , an investor endowed with initial wealth in the assets chooses an optimal consumption and investment policy in the presence of realized capital gain taxation. The investor lives for at most T periods and faces a positive probability of death each period. The probability that an investor lives up to period t, 0 < t < T , is given by the survival function H(t) = exp − t n=0 λ n where λ n is the single-period hazard rate for period n where we assume λ n > 0, ∀n, and λ T = ∞. This implies 0 ≤ H(t) < 1, ∀ 0 ≤ t < T . At T , the investor exits the economy, implying H(T ) = 0. We assume that the investor makes annual decisions starting at age 20 corresponding to t = 0 with certain exit from the economy at age 100 implying T = 80. The hazard rates λ n are calibrated to the 1990 U.S. Life Table compiled by the National Center for Health Statistics to compute the survival function H(t) from ages 20 (t = 0) to
(t = 79).
An investor's trading strategy from time t to t + 1 in the money market and the stock is given by (α(t), θ(t)) where α(t) denotes the shares of the money market held and θ(t) denotes the shares of the stock held.
A.2.1 Interest and Dividend Taxation
The investor faces three forms of taxation in our analysis: interest taxation, dividend taxation, and capital gain taxation. Interest income is taxed as ordinary income at the constant rate τ I , while dividend income is taxed at the constant rate τ D . The total taxes paid on interest and dividend income at time t are
If the investor dies at time t, interest and dividend taxes are still paid.
A.2.2 Capital Gain Taxation
Using our two denitions of capital gain taxation, realized capital gains and losses in the stock are subject to a constant capital gain tax rate of τ C . Computing the capital gain taxes due each period requires keeping track of the past purchase prices of the stock which forms the stock's tax basis.
In our setting, the tax basis for the stock is calculated as a weighted-average purchase price for tractability. Let B(t) denote the nominal tax basis of stock 1 after trading at time t. The stock basis evolves as
where x + = max(x, 0). If θ(t) = 0, the basis resets to the current stock price, B(t) = S 1 (t). Here we have assumed that the investor is precluded from short-selling the stock.
Under the FUL case, any realized capital gains or losses are subject to capital gain taxation.
The capital gain taxes Φ F U L CG (t) at time t under the FUL case are
where the rst line calculates capital losses from tax-loss selling the stock and the second line calculates taxes from selling stock with a capital gain. If death occurs at some time t , all capital gain taxes are forgiven implying Φ F U L CG (t ) = 0. 
(A.6) where x + = max(x, 0). L(t) is modelled as a nonnegative state variable. A positive value is interpreted as unused realized capital losses. The rst line of (A.6) captures any increase in accumulated capital losses due to tax-loss selling. Based on Gallmeyer and Srivastava (2003) , the investor is always weakly better o realizing a capital loss today even if he cannot use it immediately. This feature simplies our analysis in that an extra state variable is not needed that tracks capital losses still inside the portfolio. The second line of (A.6) captures any decline in accumulated capital losses that are used to oset realized capital gains when shares are sold at time t.
Under the LUL case, only realized capital gains are subject to capital gain taxation. Realized capital losses are used to oset future realized gains. The capital gain taxes Φ LU L CG (t) at time t under the LUL case are
where capital gain taxes are paid when the investor realizes a capital gain and does not have a large enough accumulated capital loss L(t − 1) to oset that gain. If death occurs at some time t , all capital gain taxes are forgiven implying Φ LU L CG (t ) = 0.
A.2.3 Trading Strategies
We now dene the set of admissible trading strategies when the investor can invest in the stock and the riskless money market. Again, we assume that the investor is prohibited from shorting any security.
Letting W (t + 1) denote the time t + 1 wealth before portfolio rebalancing and any capital gain taxes are paid, but after dividend and interest taxes are paid, W (t + 1) is given by
where (A.3) has been substituted. Given that no resources are lost when rebalancing the portfolio at time t, W (t) is given by
where C(t) > 0 is the time t consumption.
Substituting (A.9) into (A.8) gives the dynamic after-tax wealth evolution of the investor,
An admissible trading strategy is a consumption and a security trading policy (C, α, θ) such that for all t, C(t) ≥ 0, W (t) ≥ 0, θ(t) ≥ 0, and (A.10) is satised. The set of admissible trading strategies is denoted A.
A.2.4 Investor's Objective
The investor's objective is to maximize his discounted expected utility of real lifetime consumption and nal-period wealth at the time of death by choosing an admissible trading strategy given an initial endowment. If death occurs on date t, the investor's assets totaling W (t) are liquidated and used to purchase a perpetuity that pays to his heirs a constant real after-tax cash ow of R * W (t) each period starting on date t + 1. The quantity R * is the one-period after-tax real riskless interest rate computed using simple compounding. In terms of the instantaneous nominal riskless money market rate r and the instantaneous ination rate i, R * is dened by
Under the assumption that the investor and his heirs have identical preferences of the constant relative risk aversion (CRRA) form with a coecient of relative risk aversion of γ and a common time preference parameter β, the investor's optimization problem is given by
The objective function captures the expected utility of future real consumption as well as the bequest motive to the investor's heirs.
Since ∞ s=t+1 β s−t = β 1−β , the investor's objective function simplies, leading to the optimization
A.3
Change of Variables
As in a no-tax portfolio choice problem with CRRA preferences, the optimization problem (A.12)
is homogeneous in wealth, and thus independent of the investor's initial wealth. To show that wealth is not needed as a state variable when solving (A.12), we express the optimization problem's controls as being proportional to time t wealth W (t) before trade has occurred but after dividend and interest taxes have been paid. We dene
where π(t) and π(t) are the proportions of stock owned entering and leaving period t, with respect to time t wealth W (t). Note that the investor will never choose a trading strategy that leads to a non-positive wealth at any time given our utility function choice, the bequest motive, and the positive probability of death over each period. Hence, we can dene portfolio weights as W (t) > 0 for all t.
Using (A.13), it is useful to express the basis B(t) as a basis-price ratio b(t + 1) =
B(t) S 1 (t+1)
. Using (A.4), the basis-price ratio evolves as
otherwise.
(A.14)
If π(t) = 0, the basis-price ratio b(t + 1) resets to the ratio of the time t and t + 1 stock price, b(t + 1) =
. The basis-price ratio at time t + 1 can be expressed as a function of the capital gain of stock i over one period
, the previous period's basis-price ratio b(t), and the equity proportions π(t) and π(t).
For the LUL case, the accumulated loss state variable L(t) must also be expressed proportional to W (t). Similar to the stock position, we dene
where l(t) and l(t) are the proportions of accumulated capital losses entering and leaving period t, with respect to time t wealth W (t).
Using (A.6), the proportional accumulated capital losses evolve as (A.16) where x + = max(x, 0). Note that this quantity is independent of wealth W (t).
Using the equity proportions, the basis-price ratios, and the proportional accumulated capital losses, the total capital gain taxes paid at time t, Φ i CG (t), can be written proportional to W (t), 
(A.18)
Given that no resources are lost when portfolio rebalancing and paying taxes, equation (A.9) implies that the money market investment α(t) S 0 (t) can be written proportional to W (t):
where c(t)
The wealth evolution equation (A.10) can also be written proportional to W (t) implying
Additionally, the stock proportion evolution and the accumulated capital loss evolution are given by π(t + 1) =
, (A.21) where both quantities are independent of time t wealth. This evolution is needed in the dynamic programming formulation of the investor's problem. In particular, π is a state variable and π is a control variable.
Using the principle of dynamic programming and substituting out W (t), the Bellman equation for the investor's optimization problem (A.12) in the FUL case is summarized by three state variables and is given by
(1−γ) × V (t + 1, π(t + 1), b(t + 1)) , (A.22) for t = 0, 1, . . . , T − 1 subject to the wealth evolution equation (A.20) and the stock proportion dynamics (A.21). In the LUL case, an additional state variable is needed, l, the accumulated capital losses. The Bellman equation for this investor's problem is given by On each point on the grid of state variables we solve an optimization problem for two choice variables: the optimal consumption level and the wealth allocation in the stock (c(t), π(t)). We search for the optimal allocation using a grid, in a recursive manner (coarse grid to ne grid). Capital Gain Tax 30% Case Optimal Strategies. The left (middle) panels summarize optimal portfolio choice as a function of the asset allocation and the basis-to-price ratio entering the trading period for the FUL (LUL) case. The top (bottom) panels present the stock-to-wealth ratio at age 20 (80). The right panels compute the percentage increase in the FUL stock-to-wealth ratio relative to the LUL stock-to-wealth ratio. The LUL plots have a zero carry-over loss entering the trading period. The parameters used are the Capital Gain Tax 30% Case parameters summarized in Section 2.4. Capital Gain Tax 50% Case Optimal Strategies. The left (middle) panels summarize optimal portfolio choice as a function of the asset allocation and the basis-to-price ratio entering the trading period for the FUL (LUL) case. The top (bottom) panels present the stock-to-wealth ratio at age 20 (80). The right panels compute the percentage increase in the FUL stock-to-wealth ratio relative to the LUL stock-to-wealth ratio. The LUL plots have a zero carry-over loss entering the trading period. The parameters used are the Capital Gain Tax 50% Case parameters summarized in Section 2.4. No Tax Wealth Change Due to Taxation 0.05 -0.2% -0.1% -0.1% 0.0% 0.1% 0.1% 0.2% 0.3% -1.3% -1.3% -1.2% -1.2% -1.2% -1.2% -1.2% -1.1%
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0.25 -1.1% -1.0% -0.7% -0.5% -0.2% 0.1% 0.5% 0.9% -1.8% -1.7% -1.6% -1.5% -1.3% -1.2% -1.1% -1.0%
0.7% 0.7% 0.9% 1.0% 1.1% 1.3% 1.6% 1.9%
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1.2% 1.4% 1.7% 2.0% 2.4% 2.7% 3.7% 4.7% 0.45 -4.0% -3.2% -2.2% -1.2% 0.0% 1.2% 2.6% 3.9% -5.2% -4.6% -4.0% -3.2% -2.4% -1.5% -1.3% -1.1%
1.2% 1.4% 1.8% 2.0% 2.4% 2.7% 3.9% 5.0%
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4.5% 4.6% 4.7% 5.0% 5.2% 5.4% 5.5% 5.8%
0.10 1.9% 2.2% 2.6% 2.9% 3.4% 3.8% 4.3% 4.8% -1.8% -1.8% -1.7% -1.7% -1.6% -1.6% -1.5% -1.4%
3.7% 4.0% 4.3% 4.6% 5.0% 5.4% 5.8% 6.2% 0.15 1.2% 1.6% 2.1% 2.6% 3.1% 3.8% 4.5% 5.3% -1.9% -1.8% -1.8% -1.7% -1.6% -1.6% -1.5% -1.4%
3.1% 3.4% 3.9% 4.3% 4.7% 5.4% 6.0% 6.7% 0.20 0.7% 1.1% 1.6% 2.2% 2.9% 3.8% 4.8% 5.8% -2.1% -2.0% -2.0% -1.9% -1.8% -1.6% -1.4% -1.3%
2.8% 3.1% 3.6% 4.1% 4.7% 5.4% 6.2% 7.1% 0.25 0.0% 0.5% 1.1% 1.9% 2.8% 3.8% 5.1% 6.4% -2.5% -2.4% -2.3% -2.2% -2.0% -1.6% -1.4% -1.3%
2.5% 2.9% 3.4% 4.1% 4.8% 5.4% 6.5% 7.7% 0.30 -0.8% -0.2% 0.5% 1.4% 2.5% 3.8% 5.3% 6.9%
-3.2% -3.1% -2.9% -2.7% -2.2% -1.6% -1.4% -1.2%
2.4% 2.9% 3.4% 4.1% 4.7% 5.4% 6.7% 8.1%
0.35 -1.8% -1.1% -0.2% 0.9% 2.2% 3.8% 5.6% 7.4% -4.1% -3.9% -3.7% -3.2% -2.5% -1.6% -1.4% -1.2%
2.3% 2.8% 3.5% 4.1% 4.7% 5.4% 7.0% 8.6%
0.40 -3.0% -2.2% -1.0% 0.4% 2.0% 3.8% 5.8% 7.9% -5.3% -5.0% -4.4% -3.7% -2.7% -1.6% -1.3% -1.1%
2.3% 2.8% 3.4% 4.1% 4.7% 5.4% 7.1% 9.0% 0.45 -4.3% -3.2% -1.8% -0.2% 1.7% 3.8% 6.1% 8.4%
-6.6% -6.0% -5.2% -4.2% -3.0% -1.6% -1.3% -1.1%
2.3% 2.8% 3.4% 4.0% 4.7% 5.4% 7.4% 9.5% 0.50 -5.7% -4.3% -2.6% -0.7% 1.5% 3.8% 6.4% 8.9%
-7.9% -7.0% -5.9% -4.7% -3.2% -1.6% -1.3% -1.0%
2.2% 2.7% 3. 0.05 0.3% 0.4% 0.5% 0.5% 0.6% 0.6% 0.7% 0.8% -1.5% -1.5% -1.4% -1.4% -1.4% -1.4% -1.4% -1.4%
1.8% 1.9% 1.9% 1.9% 2.0% 2.0% 2.1% 2.2% 0.10 0.0% 0.2% 0.3% 0.4% 0.5% 0.6% 0.8% 0.9% -1.5% -1.5% -1.5% -1.5% -1.4% -1.4% -1.4% -1.3%
1.5% 1.7% 1.8% 1.9% 1.9% 2.0% 2.2% 2.2% 0.15 -0.2% -0.1% 0.1% 0.3% 0.5% 0.6% 0.9% 1.1% -1.6% -1.6% -1.5% -1.5% -1.4% -1.4% -1.3% -1.3%
1.4% 1.5% 1.6% 1.8% 1.9% 2.0% 2.2% 2.4% 0.20 -0.4% -0.2% -0.1% 0.2% 0.4% 0.6% 0.9% 1.3% -1.6% -1.6% -1.6% -1.5% -1.5% -1.4% -1.3% -1.3%
1.2% 1.4% 1.5% 1.7% 1.9% 2.0% 2.2% 2.6% 0.25 -0.6% -0.4% -0.2% 0.0% 0.3% 0.6% 1.0% 1.4% -1.7% -1.6% -1.6% -1.5% -1.5% -1.4% -1.3% -1.2%
1.1% 1.2% 1.4% 1.5% 1.8% 2.0% 2.3% 2.6% 0.30 -0.8% -0.6% -0.3% -0.1% 0.3% 0.6% 1.1% 1.6% -1.8% -1.7% -1.7% -1.6% -1.5% -1.4% -1.3% -1.2%
1.0% 1.1% 1.4% 1.5% 1.8% 2.0% 2.4% 2.8% 0.35 -1.0% -0.8% -0.5% -0.2% 0.2% 0.6% 1.2% 1.7% -1.9% -1.9% -1.8% -1.7% -1.6% -1.4% -1.3% -1.2%
0.9% 1.1% 1.3% 1.5% 1.8% 2.0% 2.5% 2.9% 0.40 -1.3% -1.1% -0.7% -0.3% 0.1% 0.6% 1.3% 1.9% -2.2% -2.1% -2.0% -1.9% -1.6% -1.4% -1.3% -1.2%
0.9% 1.0% 1.3% 1.6% 1.7% 2.0% 2.6% 3.1% 0.45 -1.7% -1.4% -1.0% -0.5% 0.1% 0.6% 1.3% 2.0% -2.6% -2.4% -2.3% -2.0% -1.7% -1.4% -1.2% -1.1%
0.9% 1.0% 1.3% 1.5% 1.8% 2.0% 2.5% 3.1% 0.50 -2.1% -1.7% -1.2% -0.6% 0.0% 0.6% 1.4% 2.2% -3.0% -2.8% -2.5% -2.2% -1.8% -1.4% -1.2% -1.1%
0.9% 1.1% 1.3% 1.6% 1.8% 2.0% 2.6% 3.3%
Panel 0.05 -1.3% -1.3% -1.2% -1.1% -1.1% -1.0% -0.9% -0.9% -2.1% -2.1% -2.0% -2.0% -2.0% -2.0% -1.9% -1.9%
0.8% 0.8% 0.8% 0.9% 0.9% 1.0% 1.0% 1.0%
0.10 -1.6% -1.5% -1.4% -1.3% -1.1% -1.0% -0.9% -0.7% -2.2% -2.2% -2.1% -2.1% -2.0% -2.0% -1.9% -1.8%
0.6% 0.7% 0.7% 0.8% 0.9% 1.0% 1.0% 1.1% 0.15 -1.8% -1.7% -1.6% -1.4% -1.2% -1.0% -0.8% -0.6% -2.4% -2.3% -2.2% -2.1% -2.0% -2.0% -1.9% -1.8%
0.6% 0.6% 0.6% 0.7% 0.8% 1.0% 1.1% 1.2% 0.20 -2.1% -1.9% -1.7% -1.5% -1.3% -1.0% -0.7% -0.4% -2.5% -2.4% -2.3% -2.2% -2.1% -2.0% -1.8% -1.7%
0.4% 0.5% 0.6% 0.7% 0.8% 1.0% 1.1% 1.3% 0.25 -2.4% -2.2% -1.9% -1.6% -1.3% -1.0% -0.6% -0.3% -2.8% -2.6% -2.5% -2.3% -2.2% -2.0% -1.8% -1.7%
0.4% 0.4% 0.6% 0.7% 0.9% 1.0% 1.2% 1.4% 0.30 -2.7% -2.4% -2.1% -1.8% -1.4% -1.0% -0.6% -0.1% -3.1% -2.9% -2.7% -2.5% -2.2% -2.0% -1.8% -1.6%
0.4% 0.5% 0.6% 0.7% 0.8% 1.0% 1.2% 1.5%
0.35 -3.1% -2.7% -2.4% -1.9% -1.5% -1.0% -0.5% 0.0% -3.5% -3.2% -2.9% -2.6% -2.3% -2.0% -1.7% -1.6%
0.4% 0.5% 0.5% 0.7% 0.8% 1.0% 1.2% 1.6%
0.40 -3.5% -3.0% -2.6% -2.1% -1.6% -1.0% -0.4% 0.2% -3.9% -3.5% -3.2% -2.8% -2.4% -2.0% -1.7% -1.5%
0.4% 0.5% 0.6% 0.7% 0.8% 1.0% 1.3% 1.7%
0.45 -3.8% -3.3% -2.8% -2.2% -1.6% -1.0% -0.4% 0.3% -4.2% -3.8% -3.4% -2.9% -2.4% -2.0% -1.7% -1.5%
0.4% 0.5% 0.6% 0.7% 0.8% 1.0% 1.3% 1.8% 0.50 -4.2% -3.6% -3.0% -2.4% -1.7% -1.0% -0.3% 0.5% -4.6% -4.1% -3.6% -3.1% -2.5% -2.0% -1.7% -1.4%
0.4% 0.5% 0.6% 0.7% 0.8% 1.0% 1.4% 1.9%
Initial Stock Position 
